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ABSTRACT 
Kerosene-based nanofluid offers better fuel enhancement and for high-temperature applications as they 

improve combustion efficiency and reduce emissions. Moreover, kerosene-based nanofluids perform 

better in high-temperature applications due to their higher boiling point and thermal stability. Besides, 

the nanoparticle types involved have their own specialization: graphene offers superior thermal and 

electrical conductivity, copper is appropriate for the fuel additives or conductive coatings, and the 

applications in the wear resistance, insulation, and ceramics are suited by alumina. Therefore, this paper 

investigates the boundary layer flow and heat transfer characteristics of a ternary hybrid nanofluid 

composed of alumina (Al₂O₃), copper (Cu), and graphene nanoparticles dispersed in kerosene oil over 

an exponentially shrinking permeable sheet. The research examines the effects of suction, velocity slip, 

thermal slip, and radiation on flow behaviour and heat transfer rate. The governing momentum and 

thermal energy equations are formulated using boundary layer theory and transformed into a system of 

ordinary differential equations through similarity transformation techniques. Numerical solutions are 

obtained using MATLAB to analyse the variation of the physical parameters and the related distributions 

such as the skin friction coefficient and local Nusselt number. Results revealed that velocity slip 

positively affects the velocity profile, but the thermal slip negatively impacts the thermal profile. The 

skin friction coefficient is reduced for increasing value of velocity slip while the thermal slip 

enhancement also minimizes the heat transfer rate. Even though radiation parameter elevates the 

temperature profile, the heat transfer rate is declined as this parameter is increased in value. These 

findings provide valuable insights into the thermal behaviour of ternary hybrid nanofluids, offering 

potential advancements in aviation cooling, engines, and aerospace applications. 

 
Keywords: Kerosene-based nanofluid, Velocity slip, Thermal slip, Radiation effect 

 

 

INTRODUCTION 

 

Nanofluid is a top selection of thermal transport fluid in the science and technology field, due to 

its excellent thermophysical properties (thermal conductivity and rheological properties). The 

thermophysical properties of the original fluid are enhanced when the nanoparticles submerge into 
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this fluid, to form a nanofluid. Most of the nanofluid applications prove that the downscaling of 

particles in nano size offers a better thermal conductivity and heat transport performance, as 

reported by Sundar et al. (2017), Mikkola et al. (2018) and Salman et al. (2020). The innovations 

in nanofluid have significant contributions to developing improved efficiency in the fields of 

electronics cooling (Bahiraei and Heshmatian, 2018; Hamad et al., 2024) and machining process 

(Kadirgama, 2021). Bahiraei & Heshmatian (2018) has reported that nanofluid delivers better 

performance as electronic coolants compared to traditional coolants. The heat resistance towards 

heat sink is enhanced when using nanofluid. In addition, a uniform temperature can be maintained 

on the surface of the electronic processors. Hamad et al. (2024) remarked that usage of Al2O3 

nanoparticles have elevated the cooling ability of the automobile radiator by 17.46%. They also 

hinted that iron oxide nanoparticles are more efficient than magnetic nanoparticles. Kadirgama 

(2021) stated that addition of nanoparticles lubricates the cutting zone more effectively thus 

lessening the frictional force. It has been reported that incorporating nanoparticles in machining 

process has countless benefits including reduction of cutting force, lowering of surface roughness, 

maintenance of the tool’s hardness and sharpness and increased life of the tool.  

 

Hybrid nanofluid is the nanofluid innovations that can be achieved by hybridising two 

different nanoparticles. At the same time, hybrid nanofluid has thermophysical properties of two 

different nanoparticles, subsequently improving the properties of the nanofluid itself. The aim of 

implementing hybrid nanofluid is to optimize the thermal properties of the original fluid due to the 

perfect proportion rate among two different nanoparticles. The recent examples of two different 

nanoparticles in a hybrid nanofluid are alumina-copper: Al2O3/Cu (Ghosh and Mukhopadhyay, 

2020; Mohd et al., 2022; Isa et al., 2023), magnetite-cobalt ferrite: Fe3O4/CoFe2O4 (Thohura and 

Moll, 2025), multiwalled carbon nanotubes-zinc oxide: MWCNT/ZnO (Barewar et al., 2025), 

silver-magnesium oxide: Ag/MgO (Huda et al, 2024), etc. Hybrid nanofluid has wide applications 

in heat transfer-related industries such as heat exchangers (Huang et al., 2016) and heat sinks 

(Kumar & Sarkar, 2018). Huang et al. (2016) utilized Al2O3-MWCNT/water hybrid nanofluid to 

explore the pressure drop and heat transfer rate in a chevron plate heat exchanger. They compared 

the results for conventional fluid (water), nanofluid (Al2O3/water) and hybrid nanofluid (Al2O3-

MWCNT/water). Amongst these, hybridised fluid generated the highest thermal exchange rate. 

Kumar & Sarkar (2018) conducted numerical study for the flow of nanofluid and hybrid nanofluid 

passing a minichannel heat sink. They have remarked that the incorporation of nanoparticles 

enhances the thermal exchange and elevates the pressure drop. They also highlighted that the 

increment in heat transfer is better for hybrid nanofluid (Al2O3-MWCNT/water) compared to 

nanofluid (Al2O3/water). Many factors highly contribute to the heat transfer enhancement of 

hybrid nanofluids such as base fluid selection, nanoparticles size and shape, nanoparticles 

dispersion, purity of nanoparticles, preparation method, and compatibility between the 

nanoparticle’s combination (Li et al., 2009).  

 

In continuation of research on nanofluids, further improvements have been made by preparing 

three different nanoparticles in the single base fluids. This nanofluid is classified as a trihybrid or 

ternary hybrid nanofluid. Compared to the previous categories of nanofluids, the ternary type has 

performed excellent thermophysical properties in theoretical and experimental works (Adun et al, 

2021). Some of the related ternary type of nanofluid reported in literature are listed as, copper-

alumina-titanium dioxide: Cu/Al2O3/TiO2 (Das and Patgiri, 2025); molybdenum disulfide-

titanium dioxide-silver: MSO2/TiO2/Ag (Ali et al., 2024), single-walled carbon nanotubes-

magnetite-copper oxide: SWCNT/Fe3O4/CuO (Hemmat et al., 2024), alumina-zinc oxide-

magnetite: Al2O3/ZnO/Fe3O4 (Maifi et al., 2024), titanium dioxide-magnesium oxide-graphene: 

TiO2/MgO/GO (Najafpour et al., 2024), etc.  
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Suction, slip boundary conditions and thermal radiation play crucial role in modifying the 

flow and heat properties of boundary layer flow. For example, suction plays a role in stabilizing 

the flow and controlling the boundary layer bifurcation especially in the compressing flow 

(Hussein et al., 2025). Alharbi (2024) focused on the stagnant zones of the TiO2-Ag-ZnO ternary 

hybrid nanofluid flowing over an elongating or compressing sheet by incorporating the suction 

and velocity slip effects. The author reported that increment in the slip parameter enhances the 

average velocity profile whereas increment in suction effect decreases the average temperature 

profile which can be beneficial in cooling processes. Wahid et al. (2024) studied the unsteady flow 

of Al2O3-Cu-TiO2/water over a biaxially shortening sheet with the effects of suction and thermal 

radiation. They discovered that a 4% upsurge in suction parameter delays the boundary layer 

bifurcation by 9%. They also mentioned that a significant rise in temperature is noticeable when 

the radiation parameter is increased. Eswaran and Kumar (2025) investigated the rotational flow 

of Cu-SiO2-TiO2/water ternary hybrid nanofluid over a stretching or shrinking sheet with the 

effects of suction/injection, magnetohydrodynamics and melting boundary conditions. They 

remarked that injection aided thermal transport by decreasing the boundary layer thickness. 

Additionally, they pointed out that suction encourages heating on the wall thus increasing the 

boundary layer thickness. Hussein et al. (2025) produced the quantitative note that 1% increment 

in suction enhanced the skin friction coefficient by 4.17% in the Al2O3-Cu-SiO2/water and Al2O3-

Cu-TiO2/water ternary hybrid nanofluids over a shortening disc. The time-dependent flow of CuO-

MgO-TiO2/water over a shrinking/stretching wedge is explored by Ouyang et al. (2025). It has 

been reported that the boundary layer separation is delayed as the suction or injection parameter is 

increased. 

 

The objective of this study is to extend the work of Ghosh & Mukhopadhyay (2020), by 

innovating their model from hybrid nanofluid to ternary type of nanofluid. This study aims to fill 

the gap by altering the nanofluid into ternary hybrid nanofluid and incorporating the thermal 

radiation effect to the energy equation. In addition, previous researchers compared the nanofluid 

performance with two types of base fluid which is water and kerosene oil. This study only focuses 

on kerosene oil as the base fluid. The nanoparticles that are being selected in our model are alumina, 

copper, and graphene. These three nanoparticles are commonly used nanoparticles, each offering 

unique benefits in the aspects of thermal conductivity, stability, electrical properties, and so on. 

Alumina has moderate thermal conductivity and does not easily agglomerate (Timofeeva et al., 

2007). Besides, copper has remarkably high thermal conductivity and excellent electrical 

conductivity (Zhong et al., 2025). Moreover, properties such as ultra-high thermal conductivity, 

great electrical conductivity, high surface area, lightweight, non-corrosive & chemically stable are 

offered by graphene (Yusaf et al., 2022). The advantages of kerosene oil as a base fluid are it is a 

better option where water is not ideal, it has low viscosity but high thermal stability (Wang, 2001). 

This specific ternary combination of Al2O3-Cu-Graphene is not considered by any other previous 

studies except for Anitha (2024). The novelty of current model compared to Anitha (2024) are: 1) 

The author used water as the base fluid whereas the current study uses kerosene as the base fluid, 

2) The author considered a cylindrical pipe as the flow geometry whereas current paper studies the 

flow over a flat compressing sheet, 3) The author analysed the entropy generation while the current 

paper analyses the flow and thermal properties with the additional effects of slip conditions and 

radiation, and 4) The author used Computational Fluid Dynamics (CFD) method to solve the 

model whereas numerical method by utilizing MATLAB bvp4c approach is used in current study. 

Overall, this study examines the effects of suction, velocity slip, thermal slip, and radiation on 

flow behaviour and heat transfer rate. The governing momentum and thermal energy equations are 

formulated and transformed into a system of ordinary differential equations through similarity 

transformation techniques. Numerical solutions are obtained using MATLAB to evaluate key 

parameters such as the skin friction coefficient and local Nusselt number.  
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MATHEMATICAL FORMULATION 

 

Partial differential equations and boundary conditions 

The two-dimensional boundary-layer flow of ternary hybrid nanofluid is displayed in Figure 1, 

which is bounded by horizontal shrinking sheet. By considering alumina (Al2O3), copper (Cu), 

graphene as nanoparticles, the governing equations are shown below (Ghosh et al., 2020).  

 

 𝜕𝑝

𝜕𝑥
+

𝜕𝑞

𝜕𝑦
= 0, (1) 

 
𝑝

𝜕𝑝

𝜕𝑥
+ 𝑞

𝜕𝑝

𝜕𝑦
= 𝑣𝑡ℎ𝑛𝑓

𝜕2𝑝

𝜕𝑦2
 , (2) 

 
𝑝

𝜕𝑇

𝜕𝑥
+ 𝑞

𝜕𝑇

𝜕𝑦
=

𝑘𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2
−

1

(𝜌𝑐𝑝)
𝑡ℎ𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
. (3) 

 

The velocity components in the 𝑥  and 𝑦  directions are denoted by 𝑝  and 𝑞 , respectively. 

Besides, the subscript thnf in all the symbols above is defined as ternary hybrid nanofluid. Then, 

𝑣𝑡ℎ𝑛𝑓 = 𝜇𝑡ℎ𝑛𝑓 𝜌𝑡ℎ𝑛𝑓  ⁄ is the kinematic viscosity of the ternary hybrid nanofluid, 𝜇𝑡ℎ𝑛𝑓 is dynamic 

viscosity, 𝜌𝑡ℎ𝑛𝑓 denotes the density, 𝑇 denotes the temperature, 𝑘𝑡ℎ𝑛𝑓 is thermal conductivity, and 

the specific heat capacitance is (𝑐𝜌)𝑡ℎ𝑛𝑓. 

 

Subsequently, radiative flux can be expressed simply as 𝑞𝑟 = (−4σ 3𝑘∗⁄ )(𝜕𝑇4 𝜕𝑦⁄ ), where 𝜎 

represents the Stefan-Boltzmann constant and 𝑘∗is the coefficient of mean absorption. Then, 𝑇4 

can be expressed as  𝑇4 ≈ 4𝑇∞
3 𝑇 ≈ 3𝑇∞

4   by implemeting Taylor series until power law index of T 

reaches four only. As a result, Equation (3) becomes, 

 

 
𝑝

𝜕𝑇

𝜕𝑥
+ 𝑞

𝜕𝑇

𝜕𝑦
= (

𝑘𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓
+

16𝜎𝑇∞
3

3(𝜌𝐶𝜌)𝑡ℎ𝑛𝑓𝑘∗
)

𝜕2𝑇

𝜕𝑦2
 . (4) 

 

 

 

Figure 1: The graphical illustration of the fluid flow model. 
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The boundary conditions are governed with the effects of partial slip and suction, which can 

be expressed as: 

 

At 𝑦 = 0; 
 

𝑝 = −𝑃𝑤 + 𝑉𝑠′𝑣𝑓 (𝜕𝑝 𝜕𝑦⁄ ), 𝑞 = −𝑞𝑤 = −𝑞0𝑒(
𝑥

2𝐿
) , 𝑇 = 𝑇𝑤 + 𝑇𝑠

′(𝜕𝑇 𝜕𝑦⁄ ),  

As 𝑦 → ∞; 
 

𝑢 → 0, 𝑇 → 𝑇∞. (5) 

 

In the above equation, the shrinking velocity is 𝑃𝑤 = 𝑐𝑒(
𝑥

2𝐿
)
 with 𝑐 < 0, 𝑞0 in  𝑞𝑤 = 𝑞0𝑒(

𝑥

2𝐿
)
  

indicates as suction when  𝑞0 > 0 and blowing when  𝑞0 < 0, and the temperature function at the 

sheet is expressed as 𝑇𝑤 = 𝑇∞ + 𝑇0𝑒(
𝑥

2𝐿
)
 with 𝑇0 being a constant. The velocity and thermal slip 

factors are denoted by 𝑉𝑠
′ and 𝑇𝑠

′, respectively. Subsequently, 𝑉𝑠
′ = 𝑉𝑠1

𝑒(−
𝑥

2𝐿
)
 and 𝑇𝑠

′ = 𝑇𝑠1
𝑒(−

𝑥

2𝐿
)
, 

where 𝑉𝑠1
 and 𝑇𝑠1

 are positive constant. 

 

The formulation for ternary hybrid nanofluid and the values of thermophysical properties 

The formulation of nanofluid properties such as viscosity, density, heat capacity, and thermal 

conductivity with the ternary nanoparticles are shown in Table 1. Besides, the thermophysical 

values for density, heat capacity, and thermal conductivity for each type of nanoparticles and base 

fluid are displayed in Table 2.  

 

Table 1: Related formulations for ternary hybrid nanofluids 

Properties Ternary Hybrid Nanofluid 

Viscosity 
𝜇𝑡ℎ𝑛𝑓 =

𝜇𝑓

(1 − 𝜙1)2.5(1 − 𝜙2)2.5(1 − 𝜙3)2.5
 

 

Density 
𝜌𝑡ℎ𝑛𝑓 = (1 − 𝜙1) {(1 − 𝜙2) [(1 − 𝜙3) + 𝜙3

𝜌3

𝜌𝑓
] + 𝜙2

𝜌2

𝜌𝑓
} + 𝜙1 (

𝜌1

𝜌𝑓
) 

 

Heat 

Capacity 

(𝜌𝑐𝜌)𝑡ℎ𝑛𝑓 = (1 − 𝜙1) {(1 − 𝜙2) [(1 − 𝜙3) + 𝜙3

(𝜌𝑐𝜌)3

(𝜌𝑐𝜌)𝑓
] + 𝜙2

(𝜌𝑐𝜌)2

(𝜌𝑐𝜌)𝑓
}

+ 𝜙1 [
(𝜌𝑐𝜌)1

(𝜌𝑐𝜌)𝑓
] 

 

Thermal 

Conductivity 

𝑘𝑡ℎ𝑛𝑓

𝑘ℎ𝑛𝑓
=

𝑘3 + 2𝑘ℎ𝑛𝑓 − 2𝜙3(𝑘ℎ𝑛𝑓−𝑘3)

𝑘3 + 2𝑘ℎ𝑛𝑓 + 𝜙3(𝑘ℎ𝑛𝑓−𝑘3)
; 

 

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
=

𝑘2 + 2𝑘𝑛𝑓 − 2𝜙2(𝑘𝑛𝑓−𝑘2)

𝑘2 + 2𝑘𝑛𝑓 + 𝜙2(𝑘𝑛𝑓−𝑘2)
;  

 
𝑘𝑛𝑓

𝑘𝑓
=

𝑘1 + 2𝑘𝑓 − 2𝜙1(𝑘𝑓−𝑘1)

𝑘1 + 2𝑘𝑓 + 𝜙1(𝑘𝑓−𝑘1)
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Table 2: Thermophysical values for nanoparticles and base fluid (Alwawi et al., 2022; 

Choudhary et al., 2023; Jamrus at al., 2024) 

Properties Al2O3 Cu Graphene Kerosene Oil 

𝜌 (kg/𝑚3) 3970 8933 2200 783 

𝐶𝜌 (J/kg K) 765 385 790 2090 

𝑘 (W/m K) 40 400 5000 0.15 

 

In Table 1,  𝜙 is the solid volume fraction of nanoparticles, where 𝜙1 is the solid volume 

fraction for 𝐴𝑙2𝑂3, 𝜙2 for 𝐶𝑢,  and 𝜙3 for graphene. Besides, the subscript hnf, nf, and f is defined 

as hybrid nanofluid, nanofluid, and base fluid, respectively. 

 

Similarity Transformations 

Stream function, Ψ  used to derive the velocities in x-axis (𝑝 =
ϑΨ

ϑy
) and y-axis (𝑞 =  − 

ϑΨ

ϑx
 ) is 

defined below. In addition, the following similarity transformation are introduced: 

 

 
Ψ = √2𝜐𝑓𝐿𝑐𝑓(𝜂)𝑒(

𝑥
2𝐿

),             𝜂 = 𝑦√
𝑐

2𝜐𝑓𝐿
𝑒(

𝑥
2𝐿

),        𝑇 = 𝑇∞ + 𝑇0𝑒(
𝑥

2𝐿
)𝜃(𝜂),     (6) 

 

where 𝜐𝑓 is the kinematic viscosity of fluid, 𝐿 is the characteristic length of the shortening sheet, 

𝑓 is the non-dimensional stream function, 𝜂 is the similarity variable for boundary layer thickness 

and 𝜃 is the non-dimensional temperature function.  

 

Derivation of ODE for conservation of momentum and energy 

To convert momentum equation into the ordinary differential equation, we need to substitute 

Equation (6) into Equations (2) and (4). As a result, momentum equation becomes, 

 

 1

𝐴
𝑓′′′ + 𝑓𝑓′′ − 2𝑓′2

= 0, (7) 

 

where  𝐴 = [(1 − 𝜙1)2.5(1 − 𝜙2)2.5(1 − 𝜙3)2.5][(1 − 𝜙1)[(1 − 𝜙2)[(1 − 𝜙3) + 𝜙3(𝜌3 𝜌𝑓⁄ )] +

𝜙2(𝜌2 𝜌𝑓⁄ )] + 𝜙1(𝜌1 𝜌𝑓⁄ )]. 

 

With the substitution of Equation (6) into Equation (4), energy equation will transform to, 

 

 𝐵

𝐶
[1 +

4

3

𝑅𝑑

𝐵
𝑅𝑑] 𝜃′′(𝜂) + 𝑃𝑟[𝑓𝜃′ − 𝑓′𝜃] = 0, (8) 

   

where 𝑅𝑑  is the radiation parameter, 𝑃𝑟  is the Prandtl number of the base fluid, 𝐵  and 𝐶  are 

defined as below, 

𝐵 = 𝑘𝑡ℎ𝑛𝑓 𝑘𝑓⁄ , 

𝐶 = (1 − 𝜙1)[(1 − 𝜙2)[(1 − 𝜙3) + 𝜙3((𝜌𝑐𝜌)3 (𝜌𝑐𝜌)𝑓⁄ )] + 𝜙2((𝜌𝑐𝜌)2 (𝜌𝑐𝜌)𝑓⁄ )]

+ 𝜙1((𝜌𝑐𝜌)1 (𝜌𝑐𝜌)𝑓⁄ ). 

 

Derivation of ODEs for boundary conditions 

The similarity variables in Equation (6) are used to convert Equation (5) into ODE form, and the 

transformed boundary conditions are presented as Equation (9).  
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When 𝜂 = 0; 𝑓(𝜂) = 𝑆, 𝑓′(𝜂) = −1 + 𝑉𝑠𝑓′′(𝜂), 𝜃(𝜂) = 1 + 𝑇𝑠𝜃′(𝜂),  

As 𝜂 → ∞; 𝑢 → 0,     𝑇 → 𝑇∞, 
 

(9) 

where 𝑆 = −𝑞0 √𝑐𝑣𝑓 2𝐿⁄⁄   is the suction parameter, 𝑉𝑠 = 𝑉𝑠1√𝑐 2𝜐𝑓𝐿⁄   is the velocity slip 

parameter and  𝑇𝑠 = 𝑇𝑠1√𝑐 2𝜐𝑓𝐿⁄  is the temperature slip parameter. 

 

Physical Parameters 

The skin friction coefficients, 𝐶𝑓 and the local Nusselt number, 𝑁𝑢𝑥 are the physical parameters 

in practical applications, which are defined as, 

 

 𝐶𝑓𝑥 =
𝜏𝑤

𝜌𝑓𝑝𝑤
2

, 𝑁𝑢𝑥 = −𝑥
𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤 − 𝑇∞)
, (10) 

with, 

 
𝜏𝑤 = 𝜇𝑡ℎ𝑛𝑓 (

𝜕𝑝

𝜕𝑦
)

𝑦=0

 and 𝑞𝑤 = − (
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+

18𝜎𝑇∞
3

3𝑘𝑘𝑓
) (

𝜕𝑇

𝜕𝑦
)

𝑦=0

, (11) 

 

where 𝜏𝑤 and 𝑞𝑤 are the shear stress and heat flux, respectively. Finally, skin friction coefficient 

and local Nusselt number will have the new form, after Equations (6) and (11) are substituted into 

Equation (10): 

 
√𝑅𝑒𝑥𝐶𝑓𝑥 = 𝐷 𝑓′′(0),

𝑁𝑢𝑥

√𝑅𝑒𝑥

= 𝐵 𝜃′(0), (12) 

   

where 𝐷 = 𝜇𝑡ℎ𝑛𝑓 𝜇𝑓⁄  and 𝑅𝑒𝑥 = 𝑝𝑤𝐿 𝑣𝑓⁄  is the Reynold’s number.  

 

Numerical Solution 

Subsequently, the governing Equations (7) and (8), and along with the boundary conditions in 

Equation (9), are solved in the MATLAB bvp4c solver. To effectively solve this boundary value 

problem, the equations must be transformed into the first-order ordinary differential equations. 

Therefore, the following declaration is introduced: 

 

 𝑓 = 𝑦(1),          𝑓′ = 𝑦(2),          𝑓′′ = 𝑦(3), 
𝜃 = 𝑦(4),          𝜃′ = 𝑦(5). 

(13) 

 

Equation (7) is written as: 

 

 𝑓′′′ = 𝑦′(3) = −𝐴[𝑦(1) ∗ 𝑦(3) − 2 ∗ 𝑦(2) ∗ 𝑦(2)]. (14) 

 

While Equation (8) is reduced and written as: 

 

 
𝜃′′ = 𝑦′(5) =  −

1

𝐵
𝐶 [1 +

4
3

𝑅𝑑
𝐵 𝑅𝑑]

∗ 𝑃𝑟 ∗ ( 𝑦(1)𝑦(5) − 𝑦(2)𝑦(4)). (15) 

 

And the boundary conditions became: 

 

 𝑦𝑎(1) = 𝑆,          𝑦𝑎(2) − 𝑉𝑠 ∗ 𝑦(3) + 1,         𝑦𝑎(4) − 𝑇𝑠 ∗ 𝑦(5) − 1,  
𝑦𝑏(2) → 0,             𝑦𝑏(4) → 0. 

(16) 

 



 

N. Balakrishnan et al.                        Menemui Matematik (Discovering Mathematics) 47(3) (2025) 76-90 
 

83 

 

The values of the governing parameters, including suction, radiation, and slip conditions 

(velocity and thermal) are fixed in the bvp4c function, to obtain the numerical results which satisfy 

the boundary conditions. The graphical results obtained from MATLAB bvp4c are velocity and 

temperature profiles, whereas the numerical values obtained from this coding are skin friction 

coefficient and the local Nusselt number (Equation (12)). 

 

RESULTS AND DISCUSSION 

 

The effects of several parameters on the profiles (skin friction coefficient, √𝑅𝑒𝑥𝐶𝑓𝑥, local Nusselt 

number, 𝑁𝑢𝑥 √𝑅𝑒𝑥,⁄    velocity profile 𝑓′(𝜂),  and temperature profile 𝜃(𝜂) ) are presented in 

graphical forms through Figures 2 to 7. The volume fractions of the nanoparticles used are 𝜑1 =
0.1, 𝜑2 = 0.04 and  𝜑3 = 0.06. The numerical analysis considers a Prandtl number of Pr = 22.85, 

which is representative of the kerosine oil and remains fixed throughout the investigation. Other 

fixed values in the MATLAB coding, unless being mentioned otherwise are S = 2.5,  𝑉𝑠 = 0.1, 
𝑇𝑠 = 1.0, and Rd = 1.5. To verify the accuracy of the results obtained in this study, Table 3 and 

Table 4 show the numerical values of the reduced skin friction coefficient 𝑓′′(0)  and the 

temperature gradient −𝜃′(0)  for different values of velocity slip parameter 𝑉𝑠   when 𝑆 =
3.0, 𝑃𝑟 = 0.7, 𝑇𝑠 = 𝑅𝑑 = 𝜑1 = 𝜑2 = 𝜑3 = 0.  This table shows good compliment with the 

available results published by Ghost et. al (2019). 

 

In this paper, only the physical meaning for the first numerical solution will be described, 

because the first solution (solid line) is the stable and dependable in the actual fluid situation 

(Ghosh et al., 2020; Isa et al., 2023). Since the stability analysis have been described by the 

previous study regarding the exponentially compressing sheet in the nanofluid (Ghosh et al., 2020), 

then this paper extends the research focusing on ternary nanoparticles only. 

 

Table 3: Comparison of results for 𝑓′′(0) for various 𝑉𝑠 with 𝑆 = 3.0, 𝑃𝑟 = 0.7, 𝑇𝑠 =
𝑅𝑑 = 𝜑1 = 𝜑2 = 𝜑3 = 0 

 

Velocity slip 

parameter 𝑉𝑠 

Ghosh & Mukhopadhyay 

(2020) 
Present study 

1st Solution 2nd Solution 1st Solution 2nd Solution 

0 2.39082 - 0.97223 2.39085 -0.97213 

1 0.74131 - 0.27489 0.74127 -0.27489 

2 0.42711 - 0.15835 0.42702 -0.15833 

3 - - 0.29948 -0.11106 

4 - - 0.23053 -0.08550 

5 - - 0.18737 -0.06950 

 

 

Table 4: Comparison of results for 𝜃′′(0) for various 𝑉𝑠 with 𝑆 = 3.0, 𝑃𝑟 = 0.7, 𝑇𝑠 =
𝑅𝑑 = 𝜑1 = 𝜑2 = 𝜑3 = 0 

 

Velocity slip 

parameter 𝑉𝑠 

Ghosh & Mukhopadhyay 

(2020) 
Present study 

1st Solution 2nd Solution 1st Solution 2nd Solution 

0 1.77124 0.84832 1.77183 0.84774 

1 2.02635 0.85911 2.02649 0.85884 

2 2.05921 0.86573 2.05929 0.86548 
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3 - - 2.07190 0.86853 

4 - - 2.07857 0.87027 

5 - - 2.08270 0.87138 

 

Velocity profile 

Velocity profile is plotted against momentum boundary layer thickness, for various values of 

velocity slip (𝑉𝑠 = 0.1, 0.4, 0.7), as shown in Figure 2. It is found that the increase in the velocity 

slip leads to a rise in the velocity for the first solution near the boundary. The existence of the 

velocity slip causes the fluid to start with a nonzero velocity at the sheet. As a result, the entire 

velocity profile is upward. Meanwhile, at the early stage, the velocity decreases for the second 

solution as the momentum boundary layer thickness increases, but the profile starts to rise again 

when the thickness increases.  

 

 
Figure 2: The velocity profile for effect of 𝑉𝑠 

 

 

Temperature Profile 

Next, the effect of thermal slip (𝑇𝑠 = 1.0, 1.5, 2.0),  on the temperature profile is illustrated in 

Figure 3. From this figure, there is decrement in first solution as the value of 𝑇𝑠 increases. Thermal 

slip causes a temperature jump at the sheet, which decreases the temperature difference near the 

sheet. This leads to a flatter temperature profile across the nanofluid area. Meanwhile, the 

increment in second solution is observed as the value of thermal slip is increased. It shows that the 

first solution represents a more stable thermal boundary layer.  
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Figure 3: The temperature profile for the effect of 𝑇𝑠 

 

Then, the effects of radiation parameters (𝑅𝑑 = 1.5, 5.0, 8.0) on the temperature profile are 

displayed in Figure 4. It is found that the increasing Rd causes the temperature to be increased in 

both first and second solution which thickens the thermal boundary layer. Radiation increases the 

temperature profile by injecting thermal energy into the nanofluid, either at the boundaries or 

throughout the nanofluid area. Therefore, radiative heat transfer enhances heating, leading to 

elevated temperature levels. 

 

 
Figure 4: The temperature profile for the effect of Rd 

 

Skin friction coefficient 

Skin friction coefficient is plotted versus suction parameter S for various 𝑉𝑠, as shown in Figure 5. 

Velocity slip reduces the skin friction coefficient because it lowers the gradient velocity at the wall, 

which reduces wall shear stress. Since the skin friction coefficient is directly proportional to wall 

shear stress, it decreases as a result. In addition, as greater suction is applied, the first solution 

increases for all three increasing values of 𝑉𝑠 . In contrast, the second solution will undergo 

decrement as the suction force increases. When the value of 𝑉𝑠 is 0.1, the first and second solution 

intersects at critical value point, 𝑆𝑉𝑠=0.1 = 1.50168. For the value of 𝑉𝑠 = 0.4, the intersection of 

the dual solutions is at the point of suction 𝑆𝑉𝑠=0.4 = 1.30740. Besides, the value of intersection 

points for the first and second solution for 𝑉𝑠 = 0.7 is 1.18680. It shows that the critical points are 

moving to the left as the value of 𝑉𝑠 is increasing, which means that the critical point is decreasing.  
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Figure 5: Skin friction coefficient versus 𝑆 due to the increasing 𝑉𝑠 

 

Local Nusselt number 

The variations of local Nusselt number are investigated for thermal slip 𝑇𝑠 and radiation parameter 

𝑅𝑑. This physical parameter is to quantify the heat transfer rate at the surface. Figure 6 depicts the 

influence of 𝑇𝑠 on the local Nusselt number versus suction, showing that this parameter enhances 

as 𝑇𝑠  rises. Thermal slip reduces the near-wall thermal resistance and flattens the temperature 

gradient. However, thermal slip increases the temperature difference available for convection. 

Consequently, even though conduction near the wall is reduced (because of the jump), the 

nanofluid experiences a larger effective temperature gradient, which can increase convective heat 

transfer. Moreover, the critical points remain same for various 𝑇𝑠, and the value is 1.50168.  

 

 
Figure 6: Local Nusselt number versus 𝑆 due to the increasing 𝑇𝑠 

 

Besides, the radiation also affects the local Nusselt number, which is portrayed in Figure 7. 

As the radiation parameter increases, the Nusselt number decreases for both the first and second 

solutions. Even though total heat transfer from the sheet (convective heat + radiation  heat) may 

increase with an intensified radiation, the temperature gradient becomes weaker. This causes the 

heat transfer portion attributed to convection decreases, causing a drop in local Nusselt number. 

However, the critical suction parameters remain constant (𝑆𝑅𝑑=1.50168).  
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Figure 7: Local Nusselt number versus 𝑆 due to the increasing 𝑅𝑑 

 

CONCLUSION 

 

This study has provided the flow behaviour and heat transfer characteristics of ternary hybrid 

nanofluids over a compressing permeable sheet while accounting the radiation and boundary slip 

effects. By formulating and solving the governing equations using similarity transformations, the 

partial differential equations have successfully been transformed into ordinary differential 

equations, which were then numerically solved using MATLAB’s bvp4c solver. Overall, this 
research highlights the crucial role of velocity slip, thermal slip, and radiation effects in 
influencing the efficiency of ternary hybrid nanofluid flow. The recommendations for future 
research for this study are including the effect of different nanoparticles shapes , consider specific 
thermal conductivity model, and extend the original model to three-dimensional fluid flow 
model. Some of the key findings of this model are pointed out below: 
 

• The stable solution of velocity profile increased when the velocity slip parameter is 

increased for all the range of 𝜂. For the unstable solution, the velocity initially decreases, 

then started to increase for approximately 𝜂 > 0.5. 
• The increment in thermal slip and radiation parameter decreases and increases the 

temperature distribution for the upper branch solution respectively for all range of 𝜂. 
• For the lower branch solution, the temperature distribution is increased as both the thermal 

slip and radiation parameters are elevated for all range of 𝜂. 
• The critical points for the skin friction coefficient move to the left as the velocity slip 

parameter is increased. 

• The critical points for the local Nusselt number remain unchanged for the increment of 

thermal slip and radiation parameters. Both the parameters deliver same critical point 

values.  
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